Tradeoff between extractable mechanical work, accessible entanglement, and ability to 
act as a reference system, under arbitrary superselection rules 
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Superselection rules (SSRs) limit the mechanical and quantum processing resources represented 
by quantum states. However SSRs can be violated using reference systems to break the underlying 
symmetry. We show that there is a duality between the ability of a system to do mechanical work 
and to act as a reference system. Further, for a bipartite system in a globally symmetric pure state, 
we find a triality between the system's ability to do local mechanical work, its ability to do "logical 
work" due to its accessible entanglement, and its ability to act as a shared reference system. 
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I. INTRODUCTION 

Global conservation laws give rise to superselection 
rules (SSRs) which forbid the observation of coherences 
between particular subspaces of states [J, 0| ■ Such global 
laws do not apply in subsystems @, H|. For example, 
the angular momentum of an object can be changed pro- 
vided the total angular momentum of the object and an- 
other system, the ancilla, is conserved. The ancilla here 
acts as a reference system which alleviates the affect of 
the SSR by locally breaking the associated symmetry Q . 
Conversely, the lack of a reference system induces the 
SSR. For example, without a spatial orientation frame, 
the state of a spin-i particle will be completely mixed. 

The last few years has witnessed a resurgence of inter- 
est in SSRs and quantum reference systems particularly 
within the context of quantum information theory. The 
recent review by Bartlett, Rudolph and Spekkens [i| de- 
scribes the current state of affairs. For example, Eisert 
et al. Q and recently Jones et al. [f| studied the 
decrease in distillablc entanglement due to the loss of 
relative-ordering information for sets of cbits. The opti- 
mal cost of aligning reference frames has been calculated 
in a number of different settings Q. Communication in 
the presence or absence of shared reference frames has 
been extensively studied by Bartlett et al. ||. The con- 
servation of particle number was shown by two of us Q 
to limit shared particle entanglement. The repercussions 
for various systems including those in condensed mat- 
ter physics was explored by Dowling et al. [Io|. This 
constraint on shared entanglement of particles has been 
generalized to arbitrary SSRs by Bartlett and Wiseman 
F° r the special case of a U(1)-SSR, a new resource, 
the shared phase reference, has been studied by Vaccaro 
et al. [l2], and quantified in the asymptotic [l3| and 
nonasymptotic [14[ regimes. 

In this paper we investigate the effect of a SSR on 
the resources represented by a quantum state. Following 
Oppcnhcim et al. we quantify the resources in terms of 



mechanical work extractable from a heat bath and logi- 
cal work as performed in quantum information processing 
(QIP) [15]. We expose a fundamental tradeoff between 
the extractable work under the SSR and the ability to act 
as a reference system for the SSR. We treat both the uni- 
partite and the bipartite case. The latter shows a triality 
between the accessible entanglement, locally extractable 
mechanical work and the ability to act as a shared ref- 
erence system. These results are crucial for fully under- 
standing and quantifying resources used in QIP. 



We wish to emphasize from the outset that the re- 
sources are determined in the non- asymptotic regime in 
the following sense. While the asymptotic limit p® n for 
n — > oo is often taken when studying resources such as 
entanglement, this limit is not appropriate for the prob- 
lems addressed here. Indeed, in the asymptotic limit ref- 
erence systems such as those for spatial orientation and 
quantum phase reduce to their less-interesting classical 
counterparts. Instead the situation we consider is when 
the resources such as accessible entanglement, local work 
and reference ability are measured for just one copy of the 
state p. The same situation has been treated in previous 
work for the specific case of the accessible entangle- 

ment of indistinguishable particles. In operational terms, 
we imagine that the state of the system is transferred 
by operations that are allowed by the SSR to ancillary 
systems which are not themselves subject to the SSR. 
Once transferred to the SSR-free ancillas, the resources 
are fungible in the sense that they can be used, processed, 
transferred etc. in a manner free of the SSR. Our results 
quantify the amount of the resources that are transferable 
in this way from the single copy of the state p and made 
SSR free. This is what we mean by the terms extractable 
work and accessible entanglement. Thereafter one could 
consider the asymptotic limit of the resources contained 
in the SSR-free ancillary systems and this would justify 
the entropic measures for work and entanglement. 
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II. EXTRACTABLE WORK AND ASYMMETRY 
A. Framework for the SSR 

An SSR is associated with a set r = {T(g)} of uni- 
tary operations indexed by g whose action on the sys- 
tem is both forbidden and undetectable. There are two 
physically-motivated conditions on the set r. If an opera- 
tor T(g) is forbidden under the SSR, then so is the time- 
reversed process which is given by the inverse T~ 1 {g). 
This means if T(g) G r then T~ 1 (g) G r. If two opera- 
tions T(gi) and T(g 2 ) are forbidden then their product 
T(gi)T(<?2) is necessarily forbidden and correspondingly 
the product is an element of r. The set r is therefore 
closed under multiplication. These conditions endow r 
with a group structure, i.e. the set 

r = {T(g) : g G G} (2.1) 

is a unitary representation of the abstract group G = {g}. 
We shall label the SSR associated with group G as G-SSR 

M- 

Let p be an arbitrary density operator representing the 
(possibly mixed) state of a system. A G-SSR restricts not 
this state, but rather the allowed operations on it to those 
that are G-invariant (Tlj . That is, an allowed operation 
O must satisfy 

0[T{g)pT\g)] = T(g)(Op)T^g),Vg G G . (2.2) 

Under this restriction, our effective knowledge of the sys- 
tem is represented not by p but by the "twirl" of p [1JJ 

Qg\p\ = j^J2 T (9)P T ^(9) , (2-3) 

where |G| is the order of the group G. 

We will require that the representation factorizes as 

T(g)=T 1 (g)®T 2 (g)®--- (2.4) 

for multipartite systems whose corresponding Hilbcrt 
space is given by H = Hi ® H 2 ® • • • where H n is the 
Hilbcrt space for the system labeled by n. 

B. Extractable work 

The purpose of a reference system is to mask the ef- 
fects of the G-SSR by yielding less mixing than given in 
Eq. (|2.3| . A physically meaningful definition of the ability 
of a system to act as a reference system should therefore 
be based on a physical quantity that measures a state's 
mixedness. This measure is conveniently provided by the 
amount of mechanical work that can be extracted from a 
thermal reservoir at temperature T using quantum state 
p. This is given by [H, E3 



where D is the dimension of the Hilbert space and 

S{p) = -Tv[p\ogp] (2.6) 

is the von Neumann entropy of p. This expression shows 
that the more pure the state p is, the more work that 
can be extracted using it. For convenience, in the fol- 
lowing we set k^T = 1 and use the binary logarithm. In 
the presence of the G-SSR this resource reduces to the 
extractable work 

W G (p) = W(G G [ P }) . (2.7) 

The proof follows the same lines as that of Ref. [ll[ for 
accessible entanglement. The crucial point here is that 
once the work W G (p) has been extracted by a G-invariant 
operation, applying Q to the system does not change 
the amount of work that was extracted. According to 
Eq. (|2.2p . the same result is obtained if Q is applied to 
the system before the work is extracted, and so the ex- 
tractable work is W(£g [/?]). A symmetric state, i.e. one 
for which 

Qa[p] = P , (2.8) 

suffers no loss in its ability to do work. In contrast, the 
extractable work possible for asymmetric states (<?g[/°] 7^ 
p), is reduced under the G-SSR. 

As an example, consider a spin-i particle prepared in 
state p by Alice and sent to Bob, and let Bob have knowl- 
edge only of the direction of Alice's z axis. Bob cannot 
distinguish rotations by Alice about the z axis. Thus his 
knowledge of the state is constrained by the SSR induced 
by the U(l) symmetry group associated with the unitary 
representation 

{T{9) : 9 G [0, 2tt), T{9) = exp(i9J z /H)} (2.9) 

where J z = \o~ z and cr 2 is the Pauli operator for the z 
component of spin. Accordingly Bob ascribes the state 

Gulp] = 77- / e l6J ' /h pe- WJ ' /h d9 (2.10) 
2?r Jo 

to the spin. Consider the spin-up state p — |1)(1|, where 
a z \±l) =±|±1). 

The state |1) is symmetric with respect to {T(9)} so for 
this state W = 1 and the amount of extractable work is 
alsoWc/ = 1. In contrast, the state I +) = (|l) + |-l))/\/2 
is asymmetric with respect to {T(9)}, with 

g C /M = i(|i)(i| + l-i)(-i|). (2.11) 

Even though the state |+) has W = 1, under the SSR 
Bob can extract no work as Wjj = 0. 

C. Asymmetry 

A SSR thus introduces the need for a new resource: a 
system acting as a reference system to break the under- 
lying symmetry. We now show that 



W(p)=k B T[logD-S{p)}, (2.5) 



A G (p) = S(g G [p]) - S(p) , (2.12) 
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which is the natural cntropic measure of the asymmetry 
of p with respect to G, is a measure that quantifies the 
ability of a system to act as a reference system. To do this 
we need to show that A G has the following properties: 

(*) A G (p) > 0; 

(n) A G (p) = iff p is symmetric; 

(Hi) Aq(p) cannot increase under the restriction of the 
G-SSR; and 

( iv) Aq (p) quantifies the ability of p to act as a reference 
system. 

The first two follow directly from the properties of the 
entropy function [l8| . For the third, we have 

Theorem 1. No G-invariant operation can increase (on 
average) the asymmetry Aq(p) of a state p. 

Proof. The most general G-invariant operation is a mea- 
surement that transforms an initial state p into one of M 
states 

Pj = -5-OiM, ( 2 - 13 ) 

such that 

3 [T(g)pT\g)] = T(g)(<D M^WM G G , (2.14) 

with probability Pj = Tr((9j[p]).This operation includes 
the possibility of adding ancillas in prepared states and 
performing unitary operations and measurements on the 
combined system and ancillas. We wish to show that 

A G (p)>Y J PoA G ( Pj ) , (2.15) 

i 

i.e. from Eq. ([2~T2]) 

S(Q G [p}) - S(p) > Y^PMQafa]) - S( Pj )} , (2.16) 

3 

which can be rearranged as 
S(Gg[p\) - E p jS(GgIpA) > S(p) - 2 PjS(Pj) ■ 

3 3 

(2.17) 

Note that, because the Oj are G-invariant, we can inter- 
change the order of the twirl Q G and the Oj operations. 
Denoting the average change in entropy under the mea- 
surement operation by 

(A5 fl (p)) = %)-^P j % j ) (2.18) 

3 

allows us to rewrite the inequality we wish to prove as 
(ASo(G G [p})) > (ASo(p)} . (2.19) 
We now use the following three facts: 



(i) for all operations the average entropy reduc- 
tion, (AS© (/?)), is concave in p and so, e.g. 
(ASo(J2 3 P3P3)) >J2 J P3^Sa(p J )); 

(ii) the twirl operation produces the convex mixture 

' ' 9 

where a g = T(g)pT'(g); and 

(Hi) (AS (a g )) = (AS (p)) for all g due to the G- 
invariance of the Oj and the unitarity of the T(g). 

Putting these together we have 

(ASo(G G [p})) = <ASo(^ ]>>»)> 

1 ' g 

(2.21) 

which completes the proof of Eq. (|2. 19|) . □ 

To show the fourth property let us first define 
T(X; pi,p2), the synergy of a quantity X, as 

T(X; Pl ,p 2 ) = X( Pl ® pt) - [X( Pl ) + X(p 2 )] (2.22) 

for two systems in states p\ and pi- The extent to 
which system 1 acts as a reference system for system 2 
(or vice versa) is the synergy of the extractable work, 
T(Wg; pi, p 2 ); that is, the amount by which the ex- 
tractable work of the whole is larger than the sum of 
the extractable work of the parts. Then we have the 
following: 

Theorem 2. The synergy of the extractable work is 
bounded by asymmetry: 

T(W G ; Pl ,p 2 ) < rmn{A G ( Pl ),A G (p 2 )} (2.23) 

where p\ and p 2 are arbitrary states of two systems shar- 
ing the same symmetry group G. Further, this bound is 
achievable, in the sense that for every p\ there exists a 
p 2 such that T(W G ;pi,p 2 ) = A G (pi). 

Proof. We first note from Eqs. (HHJ), $F7i) and (12~T2"|) that 
the extractable work can be written as 

W G (p) = W(p)-A G (p) (2.24) 

and, because W(p\® p 2 ) = W(pi) + W(p 2 ), the synergy 
of the extractable work may be written as 

T(W G ;pi,p 2 ) 

= W G ( Pl ® P2 ) - [W G (pi) + W G (p 2 )] 
= [W(p! p 2 ) - A G (p l ® p 2 )\ 

~[W( Pl ) - A G ( Pl ) + W(p 2 ) - A G ( P2 )] 
= A G ( P i) + A G (p 2 ) - A G ( Pl <E> pa) . (2.25) 
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We next note that A G [p\ ® p 2 ) is equal to the Holevo \ 
quantity [IH, Xvii for the ensemble 



{(P 9 ,<r g ) VgeG} 



(2.26) 



where P g = \G\ 1 is the probability associated with the 



state a g and 



a g = {T(g) Pl T(g)l) ® [T{g)p 2 T{g)^} 



(2.27) 



Similarly, the Holevo x f° r the ensemble traced over sub- 
system 2 or 1 is xi = A G (pi) or \2 = A G (p 2 ), re- 
spectively. The Holevo x is non-increasing under partial 
trace so 



A G (pi ® p 2 ) > A G (p 3 ) for j = 1,2 



(2.28) 



Applying this to Eq. (|2.25|) gives the desired result. 

To show achievability, choose p 2 = such that 

(ipg'\tp g ) = S g y where \tp g ) = T 2 (ff)|'(/') • For finite groups 
this can be done with a normalisable state p 2 whereas 
for Lie groups one can choose a normalisable state on a 
subspace of sufficiently large dimension @. Then using 
Eqs. (j2~3)) and (|2lT| we have 

£c[Pl ® P2\) 

= ]7n E^) ® T 2^)W ® A>[ r J(ff) ® TjCg)] 

1 1 9SG 



1 1 seG 



(2.29) 



The orthonormality of the set {\ip g ) : g € G} ensures 
that 



£(£g[pi ® H) 



E j£f [s[Ti(g)piTl(g)} - log(i)} 

(2.30) 



gee 

S( P i) + S(G G [p 2 ]) 



where we have used S G (p 2 ) = log(|G|). Finally, using 
this result with Eqs. (|2.12|) and (]2 . 25[) and noting that 
S(pi ® P2) = S(p\) + S(p 2 ) shows 

Y(W G ;pi,p 2 ) 

= {s(g g [pi}) - s( Pl )} + {s(g G [ P2 }) - s( P2 )} 

- {S(Gg[pi ® P2[) - S( Pl ® pa)} 
= S(£g[pi]) + - S(G GPl ® p 2 ]) 

= S(ff G [pi])-5(p 1 ) 

= ^c(pi) (2.31) 



which completes the proof of achievability. 



□ 



To illustrate the phenomenon of synergy, consider the 
previous spin-i example but now with two spins in the 
state |+). That is, Alice sends to Bob the state p\ ® p 2 , 
with pi = |+)(+| for i = 1,2. Bob again assigns the state 

GuW®P*] = ^ J 2 \ l9J ^ h (p l ® P2 )e- WJ ^ h de , (2.32) 



but now 

J z = J« ® J< a > + /(i) ® jf) (2.33) 

where _F is the identity operator for system i. We find 

P^biSpa] =W||1,1)W |(|1,-1) + 1-1,1)) W ||-1,-1) • 

(2.34) 

Here, for clarity, we have used the following notational 
convention which was introduced in Rcf. is to 

be read as +\ifj)(t(j\. Thus, for example, 



Wa|V>} W/3|^} = |a| 2 |V>}<^| + |/?n</>}(0| 



(2.35) 



As before, W(pi) = 1, Wu(pi) = 0, and Au(pi) = 1. But 
for the two spins together, W{p\®p 2 ) = 2, Wu{pi® P 2) = 
i, and Ajj(pi ® p 2 ) = |. Thus the synergy is 



T{Wu;pi,p 2 ) 



±>0 



(2.36) 



One spin acts as a reference for the other and partially 
breaks this £/(l)-SSR. Notice that the work synergy is 
less than the asymmetries of the individual systems, 
T(W[j- pi, p 2 ) < Au(pi) = 1. in accord with Theorem 

m 

Having established the significance of A G (p) for indi- 
cating the ability of a system to act as a G-reference sys- 
tem, we now observe that Eq. (|2.24[) represents a tradeoff 
or duality between this ability and the amount of work 
that can be extracted under the G-SSR: 



W(p) = W G (p) + A G (p) 



(2.37) 



That is, under the G-SSR, the extractable work W(p) 
represented by a given state is split into two new re- 
sources, the extractable work W G and the asymmetry 
Ac- 



IH. EXTENSION TO BIPARTITE SYSTEMS 
A. Global and local SSRs 

Consider a system shared by two parties, Alice and 
Bob, such that the unitary representation of G factorizes 
according to: 



T(g) = T A (g)®T B (g)V geG . 



(3.1) 



There are two ways the G-SSR operates on the bipar- 
tite system, globally and locally. They can be illustrated 
by considering their effect on the system state p. The 
global G-SSR acts when we have access to the whole sys- 
tem using cither non-local operations or transporting the 
whole system to one site. Thus in direct accord with 
Eq. (|2.3p for the uni-partite case, our effective knowledge 
of the system under the global G-SSR is not p but 

Ge[p\ = T^J2 T (9)PTH9) 

11 96G 

= W\ E T ^9) ® T B (g)pT{(g) ® T^g) . 
1 1 gee 

(3-2) 
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In contrast, each party A and B has access only to the 
part of the system at their respective site. Accordingly 
the G-SSR restricts their knowledge of the system to 

Qg®g[ P ] = -Jja E E T A (g)®T B (g') pT A (g)®T B (g') ■ 

1 1 geGg'EG 

(3.3) 

We use the tensor product operator in the symbol Qg®g 
to indicate that the twirl operation acts locally on sys- 
tems A and B; this is manifest in the sums over the in- 
dependent indices g and g' in Eq. (|3.3[) . We refer to the 
effect of Qg®g as the local G-SSR. 

The local G-SSR restricts the kinds of operations that 
the two parties can perform to local G-invariant opera- 
tions Cab where 

Oab { [T A (g) ® T B (g')] p [T{{g) ® T B (g')] } 

= T A (g) ® T B (g') {O ab [ P }} T+( 5 ) ® T^g') . (3.4) 

for all g,g' £ G. This class includes (but is not limited 
to) products of local operations O a <B> O b , which could 
represent measurement outcomes. A wider class of al- 
lowed operations will be defined below. Moreover, any 
operation O ab which is local G-invariant is also global 
G-invariant, because Eq. (|3.4p implies 



Oab [T{g)pT\g)} = T(g) {0 AB [p]}T^g) (3.5) 
for T{g) = T A (g)®T B {g), 



/3 



B. Globally-symmetric pure state p 

In this paper, we restrict our analysis to globally sym- 
metric pure states: 



(3.6) 



This requires | \&) to belong to a one-dimensional irrep of 
G. That is, using (3 to label the irrep, 



T(ff)|*> = A"(ff)|*) VgeG 



(3.7) 



where T(g) is given by Eq. (|3.ip and \@(g) is the unit- 
modulus eigenvalue. 

Let G have N G distinct irreps T^(g) for p = 1, 2, • • • N G 
and let Alice's operator T A {g) in Eq. (|3.1[) decompose into 
K A irreps as 

K A 

T A ( 5 )=0T^W( 5 ) VgeG (3.8) 



n=l 



where 



/ A (n)G{l,2,-.-A G } 



(3.9) 



labels an irrep for each n. The total number of irreps in 



T A (g) can be written as A'a = Y^, u =i ^A' wncrG -^a ^ s 



the multiplicity (i.e. the number of copies) of irreps of 
type T M . The irrep T M operates on the £> M -dimcnsional 
subspaces spanned by [|[ 



{|/i,m^,i) : i = 1,2, • • • ,D^} 



(3.10) 



The "charge" p = 1,2, ...Nq indexes the irreps T M , 
the "flavor" m M = 1,2, ...M A indexes the copy of the 
irrep in the above decomposition, the "color" i = 
1,2,... indexes an orthogonal basis set in which 
operates, and 



(p,m tl ,i\v 1 m Ul i) = 6^6. 



(3.11) 



Let Bob's operator T B {g) have a similar decomposition. 
To find the form of the global G-invariant states we need 
to consider pairs of conjugate irreps, that is pairs of ir- 
reps, say and T", whose tensor product T M ® T v , 
can be reduced to a direct sum involving a given 1- 
dimensional irrep T () of G, i.e. ® T v = T 13 © . . .. To 
do this we define R° to be the set of conjugate couples 

R 13 = {(p,p) : T"(s) = OT^)^)]*^ V.g G G} 

(3.12) 

where T@ is the given one-dimensional irrep and G M is a 
unitary operator. The entangled state 



IV' 



m u ,mn 



/frE^'G^' 77 ^*) l^>"W) ( 3 - 13 ) 



for (//, p) £ RP, is an eigenstate of T(g) with eigenvalue 
A^(ff) = TP(g), and so it is globally symmetric. The 
proof of this result is given in Appendix [TJ 

The most general, pure, globally symmetric state for a 
given value of (3 is given by 



n? - 



(3.14) 



where 



i*"> = £ E c^jv&f,^) (3.i5) 

for arbitrary coefficients m _ satisfying 

2 



E 



i . 



(3.16) 



In the following we evaluate the effect of the G-SSR on 
the resources represented by this general state p p '. 



C. Unconstrained entanglement of p l3 

We begin by evaluating the total entanglement in p@ , 
measured in terms of the entropy of entanglement, with- 
out the restriction of the G-SSR. It is convenient to fac- 
torize the representation into "flavor" (indexed by m M ) 
and "color" (indexed by i) subsystems as 



\p,m^)\p,,i) 



(3.17) 
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and rewrite the state in terms of states of the flavor and 
color subsystems as 



where 



(3.18) 



E 



m u ,m a 



IP,, 



E 



|/i,"V) ® |At,m p ) (3.19) 



(3.20) 



Then taking the partial trace of p@ over Bob's state space 
and making use of the unitarity of G M yields 



Tr B (/) = E P M l±J A £l A 
where 




l+ji^)^E w i^) = Ei^)^ 



and we have used the Schmidt decomposition 

W,)=Y. K k\K)®\K) (3-23) 

k 

of the state of the bipartite flavor subsystem with 

(A£|Af) = (B£|BfH<5 M ■ (3.24) 
Thus the entanglement is given by 

e(/) = -J2p»\K\ 2 \og(p»K\ 2 ) + J2PMD,) . 

(3.25) 

D. Resources in p 13 under the local G-SSR 

1. Entanglement accessible under local G-SSR 



The accessible entanglement in the state Ijfrf ) con- 
strained by the local G-SSR is, according to [ll[, given 
by the total entanglement in the state [20j . 



Gg®g[A = tL l±) {[Tp,{g)®T B {g')]\^)) . (3.26) 

1 1 9,9'eG 



where Gg®g 1S defined in Eq. (|3.3p . Using the unitarity 
of the matrices G M and the grand orthogonality theorem 

m 

E r M^)[ T ;™(ff)]* = |P<W«,m (3.27) 



where Tjj = (77, m J7 ,i|T' ? |?7, m^, j) [2l|, yields 

^G g , G [/]=E P M(W|^» 

A* 



The entropy of this state is easily found using Eq. (|3.26|) 
and Eq. lpT2"7jl to be 

S(W[/D = Hgg G (pP) + 2H^ G (P") (3-29) 
where we have defined color and charge correlations 

4 c i(/) = E P >§^ . ( 3 - 3 °) 
4tk/) = -E^iog^. (3.3i) 



We note that Alice (or, equivalently, Bob) can make a 
measurement of the charge without changing the amount 
of accessible entanglement, because the measurement 
commutes with all G- invariant operations [ll|. The 
proof can be found in Appendix [2j 

This local measurement of charge yields the value of \x 
with probability P M , resulting in the pure entangled state 
\<Pit) of the flavor subsystem. The entanglement in the fla- 
vor subsystem is then the entropy — ^ fe |A^| 2 log(|A^| 2 ) 
of Alice's reduced state, (+) fe (A£|A£)). The corre- 
sponding state of the color subsystem in Eq. (|3.28[) is 
l±J; j (I/ 1 ; *) ® |Mj i) /Dp) which is clearly separable, and so 
the color subsystem makes no contribution to the entan- 
glement. Averaging over all p values gives the accessible 
entanglement Eg®g under local G-SSR as 



(/) = E{pP) - H™{pP) - H^ G (P ) ■ (3-32) 



The quantity Eq^q^) in (|3.32[) represents the ability 
of the system under the local G-SSR to do "logical work" 
in the form of bipartite quantum information processing 

El. 



2. Work extractable under local G-SSR and LOCC 

Just as in the unipartite case in the absence of the G- 
SSR, a bipartite state p can be used to extract mechani- 
cal work locally at each site from local thermal reservoirs 
[HI, HIJ . Only local operations and classical communica- 
tion (LOCC) are allowed for the extraction process which 
results in a maximum amount of work Wl(p) being ex- 
tracted in total. Oppenheim et al. [l5[ showed that the 
quantum correlations in the state p reduce the amount 
of work that can be extracted in this way. Alternatively 
one could transmit the system at Alice's site to Bob's 
site through a dephasing channel and then extract the 
work locally at Bob's site. They showed that for pure 
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states p an equivalent amount of work Wl (p) is obtained 
if the dcphasing channel produces a classically correlated 
state of minimum entropy. The allowed operations Q for 
this method are those that can be realized using local 
unitaries, local ancillas (whose extractable work must be 
subtracted off at the end) and transmission through the 
dephasing channel. That is [l5| 



W L (p) = W(Q[p]) 



(3.33) 



where Q is the optimum allowed operation that yields 
a classically-correlated state with minimal entropy 
S(Q[p\). For pure states there is a duality between abil- 
ities to do mechanical and "logical" work [l5| : 



W{p) = W L (p) + E(p) . 



(3.34) 



In particular, consider the locally extractable mechanical 
work from the pure state 

a = v / P"I ( ^™)ab ® |x«)ab <8> |V'«)ab) (3.35) 



in the absence of the G-SSR. Here the |</> m ), \Xm) an d 
\tp m ) represent states of three bipartite systems satisfying 



(0n|0m) = {Xn\Xm) = tyntym) = *n 



(3.36) 



From the optimum operation Q dephases a in its 
Schmidt basis; this can be carried out by first dcphasing 
in the Schmidt basis of {\Xn) <8> \ipn)} followed by dephas- 
ing in the Schmidt basis of {|0 n )}- Let the Schmidt bases 
be given by 



^ ^ ^71,1 \%n,i) 



(3.37) 



where x n i are the Schmidt coefficients and \x nt i) are a 
set of orthonormal states, for x being 0, ip or x- The first 
step yields a state of the form 

O 7 = ^Pn{ W |0«)ab) 

®|+J (Xn,i\Xn,i)AB ® 1pn,j\lpn,j) Kb) 



and the second step yields a state of the form 

Cr" = y^Pn [+J {(j>n,k\(j>n,k)AB) 
n k 

® l+J {Xn,i\Xn,i)XB ® Ipnjllpn,] 



(3.38) 



AB 



(3.39) 



This can be reversibly transformed using the dcphasing 
channel into 

/~,Pn[+) (^„,fc|</>n,fc>BB) 
n k 

® 1+) (Xn,i\Xn,i)BB ® VwIVV^Bb) , (3.40) 



where the whole system is located at site B. The maxi- 
mum amount of mechanical work that can be extracted 
from a locally at each site is equal to the maximum that 
can be extracted locally at site B from a" = Q[cr], as 
given in Eq. (|3.33[) . We use this result below. 

We now consider the local mechanical work 
Wg<s,g-l{p) that is extractable from state p under 
both the local G-SSR and the LOCC restrictions. This 
is given by 



wWj-l(p) = w h (g G ®G[p}) 



W(Q g ®g{Gg®g[p\}) , 

(3.41) 



where Qg®g is locally G-invariant. 

We first evaluate W{Q g ^ g {Qg^g[p P ]})- As G g ®g[p ] 
in Eq. (|3.28|) is equivalent in form to a' in Eq. (|3.38[) . the 
optimum operation Qg®g is dephasing in the Schmidt 
basis of the flavor subsystem {|</? M )} in Eq. (|3.20[) . This 
can be done by making a local measurement in the 
Schmidt basis given in Eqs. (pT2"3"]) and (|3~2TJ)) . This op- 
eration can be shown to be local G-invariant as follows. 
For example, a local measurement by Alice that projects 
onto the Schmidt basis is described by the set of projec- 
tion operators 



IF 



= [\K)(K 



(3.42) 



for the same set of values of k as in Eq. (|3.23[) and where 

l^ co ) = Yl?i=i IamXam'I projects onto the color subsys- 
tem. Recalling the decomposition Eq. (|3.8|) and noting 
that the irrep T^{g) acts on the corresponding color sub- 
system only, we find 



T A (g)®T B {g')\lL k 

= t a ( 9 ) ® t b ( 9 ')[(\A£)(A£\ ® a( c °)) A ® lj 
|A{*)<A5H®r"(ff)l ®t b ( 5 



|A£)(A£| ® 1&>) ® 1 B 1 \T A (g) ® T B (</) 



= n fc T A (g)®T B (</) 



(3.43) 



That is, projection by life is a locally G-invariant opera- 
tion according to Eq. (|3.4|) . The average result of Alice's 
measurement gives the desired optimal dcphasing, i.e. 

Q.G®G{GG®G[fr]} 

= Y^Pk^kP^Uk 

k 

= W {^V^K\K) ®M ®\Pi3)) , 

(3.44) 

where p k = Tr(n fc p' 3 ). 
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Now using Eq. (|3. 33[) the locally cxtractablc work is 
found to be 

= W(Q G9 g{Gg9g\pP]}) 

= ln(D) - S(Q G9G {gG 9 G\P P ]}) 

= ]ogD-[E(pP)+H™ a {pP)] 

(3.45) 

The global symmetry of the pure state pP ensures that 

W a (pP) = W{Q G [A) = W{pP) = logD (3.46) 
and so the locally extractable work can be written as 

1W-l(/) = WV) ~ IE(P P ) + 4 C i(/)] ■ (3-47) 
Finally, using Eq. (|3.34[) we can rearrange Eq. (|3.47[) as 

*W- L (/) = W L (/) - ff^/) (3.48) 

which shows that the reduction in Wl due to the local 
G-SSR is manifest in the mixing in the color subsystems. 

3. Shared asymmetry with respect to local G-SSR 

Eqs. {OH and (pTTT)) show that under the local G-SSR 
the duality between logical and local mechanical work in 
Eq. (|3.34|) is broken, i.e. W ^ Wg®g-l + E g ® g . Just as 



in the unipartite case, the lack of a reference system re- 
sults in the loss of the ability to do work. In this globally- 
symmetric bipartite case what is lacking is a shared refer- 
ence system. For a globally symmetric system to act as a 
shared reference there must be correlations (quantum or 
classical) between the asymmetries for each party. These 
correlations are unaffected by a global transformation Q 1 
but are destroyed by local mixing Gg®g- This suggests 
the natural entropic measure for the ability of such a 
system to act as a shared reference is 

a%%{p) = s(g G ^G{g G [p]}) - s(g G [p}) (3.49) 

which we call the shared asymmetry. Notice that here 
p is an arbitrary state which is not necessarily pure nor 
globally symmetric. By shared we mean that both Al- 
ice and Bob have access to this type of asymmetry for 
unlocking the resources represented by p at their sites. 
The global asymmetry of the state is not, in it- 

self, useful for this purpose. To eliminate the effects of 
global asymmetry we have defined A^^ G (p) in Eq. (|3.49|) 
in terms of the globally-symmetric state g G [p]. The re- 
sult is that Aq^ g (p) is equal to the increase in entropy 
due to the local G-SSR only. For the U(l) case the refbit 
fll ] has Aq^ g = 1, as one would like. 

In analogy with A G for the unipartite case, we now 
show that Aq^ g similarly quantifies the resource of act- 
ing as a shared reference system for arbitrary states p. 
First we note that 



g G *G{g G \p]} = £ £ [n90®T( 5 )][T( 5 '0®T( 5 '0]p[Tt(^®rt( 5 '')][rt (ff ')®rt( 3 )] 

= E TH E [TW og")®T{gog")]p[T\g' og")®T\gog")] 

= \h E ^Y.^ T ^' -9- 1 oh)®T{h)]p[T\g' og-' oh)®T\h)] 
= TH E Trl E PW T W ® T{h)]p[T\h)T\h') ® T\h)] 

' ' h'EG ' ' h£G 

= Tr7 E i^E[ T (^®i]TO®^)MTUM®3 ,t W][r t (^ , )®i] 

' ' h'eG ' ' heG 
= GG®{e}{gG[p]} = 5{e}®G{^G[p]} 



(3.50) 



r 



where h = g o g" , hi = g' o g 1 and {e} is the group Similarly we can show 
containing only the identity element so that, for example, 



1 1 gee 



(3.51) 



£g®g{£g[p]} = G{e}® G {GG[p}} (3.52) 

and this means that the shared asymmetry may be writ- 
ten equivalently as 

= S(Gg®g[p]) ~ S(g G [p]) ■ (3.53) 
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The properties of the entropy function show Aq^ g has 
the following two properties: 

W aSc(p) > o ; 

(«) A^ G (p) = oisg G ^ G [p}=g G [p]. 

For global G- invariant states p 13 we have £7g[p^] = P 13 
and so the second property becomes 

(ii)' Ag G (/) = iff £?g®g[/] = /A or, equivalcntly 

iff ^{e}!/^] = G{e}®G[p () ] = P P ■ 

A third property is 

(Hi) A G ^ G (p) is non- increasing on average under local 
G-invariant local operations and classical commu- 
nication (LOCC), 

which is analogous to the third property of A G . We de- 
fine local G-invariant LOCC as those LOCC that are 
allowed by the local G-SSR or, equivalently, those that 
satisfy Eq. (|3.4|) . These include products of local opera- 
tions of the form Oa <S> Ob ■ For classical communication 
to be permitted under the G-SSR, the information must 
be carried by physical processes that are permitted by 
the G-SSR. This can be done, for example, by using a 
G-SSR-free system as the carrier, which we assume is 
the case. The class of LOCC is a subset of the class of 
separable operations [23| . It is straight-forward to show, 
using the same reasoning as in Ref. (H^, that every 
local G-invariant LOCC operation is a local G-invariant 
separable operation. So to prove the third property it is 
sufficient to show that A G ^ G (p) is non-increasing under 
local G-invariant separable operations of the type 

{C'\., . Chi., :i L,2 j !.'_> | (3.54) 

where Oa,% <S> Obj satisfies Eq. (|3.4p . We therefore wish 
to show that 

4^(P)>E P «4§ G (P«) (3-55) 



where 

Pi,j = (Pa,4 ® B ,j) [p] 
P itj = Tr[(0 A ,i®0 Bd )p] , 
or equivalcntly, from Eq. (|3.49l) . 

s(g G ® G {Q G ipm - s(g G [ P }) 

> E p *j [s(GG®G{g G \Pi,j]}) - s{g G \PiA)] ■ (3-56) 

i,3 

We note that according to Eqs. (|3.4[) and (|3 . 5|) each ele- 
ment in the set in Eq. (|3.54p is also global G-invariant, 
and so 

Qg {(0a,< ® B , 3 )[p}} = (O a ,< ® Btj ){g G [p]} . (3.57) 



This means we can interchange the twirl and measure- 
ment operations in Eq. (|3.56p . Let g = Qq [p] and 

gtj = ^-{O x ,i ® Bj ) {GgIp}} = g G [Pi,j] ■ (3.58) 



We can now rewrite Eq. (|3.56[) as 

S(Gg®g[0\) -S(q) >E P *J S (Gg®g[Qij}) - S(Qij) 



h3 



(3.59) 



which is in the same form as Eq. (|2.16[) . The same 
arguments which follow Eq. (|2.16| can be used to 
show that the right hand side of Eq. (|3.59[) , and thus 
A G ^ G (p), is non-increasing under local G-invariant 
separable operations, and by implication, that the third 
property is therefore valid. 

The total amount of extractable work under the local 
G-SSR is the sum of the logical work and the locally ex- 
tracted mechanical work, i.e. (W G iS)G-h + Eg®g)- Using 
Eqs. 1(535)1 . ([5J5J) and fl5g5]) we find 



W g ®g-l(/) + £g®g(/) 
= lo g D-H^ G (p") 

= \o g D-s(g G ® G [ P P]) 



2H, 



(co) U 
G0G 



(P P ) 



(3.60) 



This total is equivalent to just the mechanical work 
Wg(S>g(p' 3 ), where we define 



W G ^ G {p) = \ogD-S{g G ^ G [p\) 



(3.61) 



for arbitrary states p (which are not necessarily globally 
symmetric). The physical interpretation of W G ^ G (p) is 
that under the local G-SSR, G G ® G (p) is the effective state 
of the system which can be transferred locally to SSR- 
free ancillas at each site. Once the transfer is done the 
amount of work that can be extracted globally from a 
thermal reservoir (i.e. without the LOCC restriction) us- 
ing the ancillas is W G ® G (p). Eqs. (|3.60[) and (|3.61[) show 
that an equivalent physical interpretation of W G ® G (p) 
is that it is the total extractable work, both logical and 
mechanical, that can be extracted under the local G-SSR 
and LOCC. This result leads to the fourth and final prop- 
erty that 

(iv) the shared asymmetry is an achievable upper bound 
on the synergy of the total extractable work W G ® G . 

This follows from the following theorem. 

Theorem 3. The synergy of the total work W G ® G under 
the local G-SSR is bounded by the shared asymmetry, i.e. 

T{W^% Pl ,p 2 ) < min{A ( ^ G ( Pl ),A^ G (p 2 )} . 

(3.62) 

The upper bound is achievable in the sense of theorem^ 
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We omit the proof, which has the same form as that of 
Theorem [2] The achievability follows from the existence 
of bipartite globally symmetric states |\&) such that 



(*|r A ( ff )tr A (fl')l*) 



(3.63) 



Thus we have identified three resources that emerge in 
a bipartite setting under a G-SSR: the locally extractable 
mechanical work Wg®g-l, the accessible entanglement 
or logical work £g®G; and the shared asymmetry -4®G - 
Finally, we show that, for globally G- invariant states, 
there is a triality relation between them, generalizing the 
duality (|2.37p from the unipartite setting. A straightfor- 
ward calculation gives 



(/) = 2ff^ G (/) + 4t ) G(/): (3-64) 



which, together with Eq. (j3~32)) and Eq. (|3~47)) , then gives 
the main result of this paper 

W G ( P p ) = W g ®g-l(p P ) + E g ®g{p P ) + 4§g(/) • 

(3.65) 



4- Local asymmetry with respect to local G-SSR 

We defined the shared asymmetry of state p in 
Eq. (|3.49|) as the extra entropy generated by the lo- 
cal G-SSR acting on the state <?g[p], i- c - A G ^) G (p) ~ 
S{Gg®g{Gg[p\}) - S(Qg[p})- It is interesting to consider 
the entropy generated by the local G-SSR acting on the 
state p itself. For this purpose we define 

4Sg(/>) = S{9 G9G \p]) ~ S{ P ) , (3.66) 

which we call the local asymmetry of p. A G °^ G is related 
to the shared 4<g>G and global A G (p) asymmetries by 



4§gG>) = ^L{Qg[p\) 



X G®G 
,(lo) 



G®GV 

^g(p) = A^ G ( P ) + A G (p) 
As A K G ^ G (p) > and A G {p) > then clearly 

0<42c(P)<4&(P)- ( 3 - 69 ) 

The local asymmetry A G 2 G (p) is the asymmetry of 
p with respect to the local G-SSR which restricts our 
knowledge of the state to Gg®g [p] ■ R is clearly related to 
the total extractable work Wg®g(p) that is represented 
by the state Gg®g[p\- Indeed from Eqs. (|2.5|) . (|3.66|) and 
(j3"3Tj) we find 

W( P ) = W g ®g(p) + 4°2g(/>) . (3.70) 
We can now list the properties of the local asymmetry 



(3.67) 
(3.68) 



,(sh) 



« 4°2g(p)>0; 

(m) 4°2 G (p) = 0iff 



and 



Gc®{e}[p] = P 

Q{e}®c[p] = p ; 



(3.71) 

(3.72) 



(m) A G °^ G (p) is non-increasing on average under local 
G-invariant LOCC; and 

(iv) 4?®g('°) is an achievable upper bound on the syn- 
ergy of the extractable work Wg®g under the local 
G-SSR restriction. 

Once again the first property follows from the properties 
of the entropy function. The proof of the third property 
is a minor modification of the proof of the third property 
of the shared asymmetry Aq^ g . Similarly, the proof of 
the fourth property is of the same form as that of the 
fourth property of the asymmetry A G . We leave these 
proofs for the interested reader. 

The second property can be proved as follows. We 
note that the conditions Eqs. (|3.71[) and (|3.72p taken 

together imply G g®g[p ] = P for which A G °^ G (p) = 
according to Eq. (|3.66p and so the conditions are suffi- 
cient. Also the concavity of the entropy function yields 

S(Gg®g[p}) > S(GG®{e } [p}) > S{p). Thus 4®g(p) = 
implies S(Gg®{c} [p]) = S(p) and hence GG®{e}[p] = P- 
By a similar argument, A G °^ G (p) = implies that 
G{ e }0G[p] = P- The conditions are therefore necessary 
as well. 

Either condition Eq. (j3~TT) or Eq. (j3~72]l is sufficient 

for Gg®g[p\ = Gg[p] and thus sufficient for 4?®gM = 
0. But both these conditions are not necessary for 
A G ^ G [p] = 0. This means there is a wider class of states 

for which A G °l G [p\ ± than for A%%[ P ] + 0. 
Finally, Eqs. ([3T6T]) and (f^77U|) together yield 

W{fP) = W g ®g-l(/)+^g®g(/)+4®g(/) ( 3 - 73 ) 



which is consistent with Eq. (|3.65p on recalling Eq. (|3.68|) 
and Eq. (|2~37|) and the fact that A G (/^) = for the 
globally symmetric state p@ . 



IV. DISCUSSION 

In this paper we have quantified the ability of a system 
to act as a reference system and ameliorate the effect of 
the superselection rule G-SSR induced by G. Our ap- 
proach is to express the reference-frame ability of a sys- 
tem in terms of a physical quantity, namely, in terms of 
how the system can increase the amount of work that 
can extracted from a thermal reservoir. To do this we in- 
troduced the quantity T in Eq. (|2.22p . which we call the 
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Constraints Resources State 

W p 
G W = W G + A G p 

G & G ® G W G = W g ®g + A G h J G p 

G, G ® G I Wc(g)G _ w g ®g--l + E g ®g p 13 
& L J 

TABLE I: Hierarchy of constraints and resources for classes of 
states where p represents an arbitrary state and p 13 represents 
a pure G-invariant state. 

synergy of two systems. The work synergy is the extra 
amount of work that is cxtractable using the two systems 
collectively compared to the total amount of work ex- 
tractable using the systems separately. Theorem 2 shows 
that this quantity is bounded above by the asymmetry 
Aq with respect to symmetry group G of each system, a 
result which elevates the asymmetry of a system to a re- 
source for overcoming the restrictions of the G-SSR. We 
used the same approach for bipartite systems where we 
found (Theorem 3) that the synergy bounds the shared 

asymmetry A^ G . 

Our results can be arranged in terms of a hierarchy of 
increasing restrictions, from global G-SSR, global and lo- 
cal G-SSR and finally global and local G-SSR and LOCC. 
At each level of restriction we find that the resources 
reappear in new forms. For example, under the global G- 
SSR Eq. (|2.37[) shows that the unconstrained cxtractable 
work W splits into two new resources of extractable work 
Wg and asymmetry Aq, i.e. 

W(p) = W G (p)+A G (p) (4.1) 

for arbitrary states p. Next under global and local G-SSR 
we find from Eqs. (pTTJ) . (|3~70|) and (j31)g|) that the ex- 
tractable work Wg further splits into a more constrained 
extractable work Wg®g an d a new asymmetry A G ^ G , 
i.e. 

W G { P ) = W G ® G (p) + A^ G (p) (4.2) 

also for arbitrary states p. Finally under global and local 
G-SSR and LOCC we found 

WW(/) - W g ®g-l(/) + £ G ®g(/) (4.3) 

for globally symmetric states p° . These results are sum- 
marized in Table HI A different ordering of the con- 
straints, where LOCC is applied first followed by the 
global G-SSR and then the local G-SSR leads to the re- 
sults in Table HH 

Our relations Eqs. (|2.37p and (|3.65[) show the mu- 
tually competing nature of the mechanical, logical and 
asymmetry resources represented by a state. They are 
analogous to the particle-wave duality in the following 
sense. Asymmetry with respect to the group G = {g} can 



be thought of as a generalized measure of localization in 
th at the most asymmetric pure state is transformed in to 



Constraints 


Resources 


State 




W 


P 


L 


W = W h +E 


P 


L & G 


W G = Wg-l + E G 


p" 


L,G & 1 


W G -l + E G 


p" 


G®G J 


= Wg®g--l + E g ®g + Aq^ g 





TABLE II: Hierarchy for a different ordering of the con- 
straints. The equation in the third row is obtained directly 
from the second row using the fact that Wg(p^) = W(p 13 ), 
WgMp 13 ) = and E G (p ) = £(/) for G-invariant 

states p 13 . 



an orthogonal state by the group elements g which is 
analogous to moving a particle from one distinct path to 
another in a which-way experiment. On the other hand, 
extractable work under the G-SSR measures the invari- 
ance of a state to the group action and can be thought 
of as a measure of the system's ability to display inter- 
ference. Our relation Eq. (|2.37[) between asymmetry and 
cxtractable work can then be seen to express a tradeoff 
between generalized measures of localization and inter- 
ference. This connection has been explored elsewhere 

SSRs are ubiquitous in quantum physics where, for ex- 
ample, spatial orientation is limited by a SU(n)-SSR and 
optical phase is limited by a U(1)-SSR. In the presence 
of SSRs, quantum states require sufficient asymmetry in 
their attendant reference systems in order to be useful. 
Moreover, a comparison of the relative efficiencies of clas- 
sical and quantum algorithms needs to account for the 
total amount of resources needed in each case. Quantum 
reference systems are clearly a resource that needs to be 
tallied and so, in this sense, our results pave the way 
for evaluating the full cost of resources needed for quan- 
tum information processing. They also open up a new 
direction of research in the study of SSRs and reference 
systems. 

We thank M. Plenio and S.D. Bartlett for discussions. 
This work was supported by the Australian Research 
Council, the Queensland State Government and the Lev- 
erhulme Trust of the UK. 



APPENDIX 
1. Proof of Eq. (f37l3|) 

We show that \ip^ jfn .) in Eq. (|3~T^|) is globally sym- 
metric. From Eqs. (|5Tg|) . (|3~T2"]) and ([5715]) . the scalar 
nature of T° and the unitarity of the operators G M and 
T»(g) we find that 
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K A K b 

00tW')( s ) 8 t/b«( s )|c^) 
i=l j=l 

T^( 5 )®TP( P )Kf imp ) 
[G^( 5 )[T^(. g )]* (C)t] ® TP( 5 )|^, mp ) 



ID 



where X^(g) is an eigenvalue of unit modulus. Thus 

(w|^, mp ))T t (s) = w|^ imA ) 

which completes the proof that \ip^ imp ) is globally symmetric. 



(4) 



2. Measurement of charge under the local G-SSR 

We show here that a local measurement of charge is 
locally G-invariant and thus it is an allowed operation 
under the local G-SSR. Let the projection operators onto 
the flavor and color subsystems be 



= E lM>"V)(/i,mp 



(5) 



(0) 



and so [T(g), (l| I fl) ® l^ co) )] = 0. A local measurement 
by Alice that projects onto the charge \i is described by 
the set of projection operators 



n p = (if ® i( c °)) A ® i B 



(10) 



for (J, = 1,2, ... , Nq where Nq is the number of irreps of 
G and subscripts A and B refer to operators acting on 
Alice's and Bob's subsystems, respectively. We find that 



respectively, where the states and |/x,m M ) are de- 

fined by Eq. (|3.17|) and is the dimension and M M is 
the multiplicity of the irrcp labeled by \i. We note from 
Eq. flsTBJ) that the operator (if ® 1^°)) "picks out" the 
irrep in the following sense 

T{g){tf ® lH) = T^( 5 )(lW®l( co )) (7) 

= (lX o) )T"(9) (8) 
= (l( fl '8l«"')r(j) (9) 



T A (g) ® T B ( 5 ')Kpn M )T|( 5 ) <S> T^(ff') 



n„ 



r A ( 5 )®T B ( 5 ') P tX( 5 )®t b ( 5 ') 



and so the local projection measurement of charge given 
by {II M : fj, = 1,2, ... , Nq} is locally G-invariant accord- 
ing to Eq. 
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